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ON THE BEILINSON-HODGE CONJECTURE FOR H2 AND
RATIONAL VARIETIES
ANDRE CHATZISTAMATIOU
Abstract. The Beilinson-Hodge conjecture asserts the surjectivity of the cy-
cle map
Hn
M
(X,Q(n))→ HomMHS(Q(−n), H
n(X,Q))
for all integers n ≥ 1 and every smooth complex algebraic variety X. For
n = 2, we prove the conjecture if X is rational.
Contents
Introduction 1
Acknowledgements 2
1. Cycle class to absolute Hodge cohomology 2
1.1. Higher Chow groups and absolute Hodge cohomology 2
1.2. Cycle class map 3
1.3. Beilinson-Hodge conjecture 3
2. Beilinson-Hodge conjectures for the generic point 4
2.1. Coniveau spectral sequences 4
2.2. E1 complexes of the coniveau spectral sequence 8
2.3. An exact sequence for projective varieties with vanishing H1 12
2.4. Main theorem 12
2.5. An exact sequence for projective varieties 13
References 14
Introduction
The Beilinson-Hodge conjecture (BH(X,n)) asserts the surjectivity of the cycle
map
c¯n,n : H
n
M (X,Q(n)) −→ HomMHS(Q(−n), H
n(X,Q))
for all integers n ≥ 1 and every smooth complex algebraic variety X . Informally
speaking, the conjecture means that every complex holomorphic n-form with loga-
rithmic poles along the boundary divisor of every compactification ofX and rational
cohomology class comes from a meromorphic form of the shape
1
(2πi)n
∑
j
mj ·
dfj1
fj1
∧ · · · ∧
dfjn
fjn
with fjk ∈ C(X)
∗ and mj ∈ Q.
This work has been supported by the SFB/TR 45 “Periods, moduli spaces and arithmetic of
algebraic varieties”.
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2 ANDRE CHATZISTAMATIOU
It is well-known that the conjecture holds for n = 1 (see, for example, [EV88,
Proposition 2.12]). For n ≥ 2, Asakura and Saito provided evidence for the con-
jecture by studying the Noether-Lefschetz locus of Beilinson-Hodge cycles (see
[AS06],[AS07],[AS08]). By work of Arapura and Kumar, BH(X,n) is known to
hold for every n provided that X is a semi-abelian variety or a product of curves
[AK09].
In our paper we consider only the case n = 2, and make two observations. First,
for a smooth and projective variety X the Beilinson-Hodge conjecture BH(η, 2) for
the generic point η of X is equivalent to the injectivity of the cycle map
H3M (X,Q(2))
H1M (X,Q(1)) ·H
2
M (X,Q(1))
−→
H3H(X,Q(2))
H1H(X,Q(1)) ·H
2
H(X,Q(1))
to absolute Hodge cohomology (Proposition 2.5.1). The left hand side is called the
group of indecomposable cycles and has been studied by Mu¨ller-Stach [MS97]. In
general, indecomposable cycles exist, but the image via the cycle class map is a
countable group. By BH(η, 2) we mean the surjectivity of the cycle class map
H2M (C(X),Q(2)) −→ lim−→
U⊂X
HomMHS(Q(−2), H
2(U,Q)),
where U runs over all open subsets of X , and C(X) denotes the function field.
The second observation is that if X satisfies H1(X,C) = 0 then BH(U, 2) for
all open sets U ⊂ X is equivalent to BH(η, 2) (Proposition 2.5.3). The statement
makes perfect sense when H1(X,C) 6= 0, but we can prove it only in the case
H1(X,C) = 0.
Combining the two observations we obtain the main theorem of the paper.
Theorem (cf. Theorem 2.4.1). Let X be smooth and connected. Let X¯ be a smooth
compactification of X. We denote by CH0(X¯)⊗Z Q the Chow group of zero cycles
on X¯. If deg : CH0(X¯)⊗Z Q −→ Q is an isomorphism then BH(X, 2) holds.
For the proof we use a theorem of Bloch and Srinivas [BS83] which states that
the indecomposable cycles vanish whenever the assumptions of our theorem are
satisfied.
Acknowledgements. It is a pleasure to thank He´le`ne Esnault for her strong en-
couragement. I thank Donu Arapura, Florian Ivorra and Manish Kumar for useful
discussions.
1. Cycle class to absolute Hodge cohomology
1.1. Higher Chow groups and absolute Hodge cohomology. Let X be a
smooth algebraic variety over the complex numbers.
Absolute Hodge cohomology was introduced by Beilinson ([Be˘ı86], cf. [Jan88,
§2]). Beilinson constructs for every complex algebraic varietyX an objectRΓ(X,Q)
in the derived category of mixed Hodge structures Db(MHS) such that
Hi(RΓ(X,Q)) = Hi(X,Q) for all i.
Absolute Hodge cohomology H•H(X,Q(•)) is defined as follows:
HqH(X,Q(p)) = HomDb(MHS)(Q, RΓ(X,Q)(p)[q]),
for all p, q.
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The natural spectral sequence
Eij2 = Ext
i
MHS(Q, H
j(X,Q)(p))⇒ Hi+jH (X,Q(p)),
and vanishing of Exti for i > 1, induces short exact sequences
(1.1.1)
0 −→ Ext1(Q, Hq−1(X,Q)(p)) −→ HqH(X,Q(p)) −→ Hom(Q, H
q(X,Q)(p)) −→ 0.
Note that Homs and Exts are taken in the category of mixed Hodge structures.
If X is smooth and proper then we have a comparison isomorphism with Deligne
cohomology
HqH(X,Q(p))
∼= H
q
D(X,Q(p)),
provided that q ≤ 2p [Jan88, §2.7].
1.2. Cycle class map. Let DMgm,Q be Voevodsky’s triangulated category of mo-
tivic complexes with rational coefficients over C ([Voe00],[MVW06]). Denoting by
Sm/C the category of smooth complex algebraic varieties, there is a functor
Sm/C −→ DMgm,Q, X 7→Mgm(X).
Motivic cohomology is defined by
HqM (X,Q(p)) = HomDMgm (Mgm(X),Q(p)[q]),
for X smooth and p ≥ 0, q ∈ Z. There is a comparison isomorphism [Voe02] with
Bloch’s higher Chow groups
HqM (X,Q(p))
∼= CHp(X, 2p− q)⊗Q.
By Levine [Lev05] and Huber ([Hub00],[Hub04]) we have realizations
(1.2.1) rH : DMgm −→ D
b(MHS)
at disposal, such that RΓ(X,Q) is the dual of rH(Mgm(X)) and rH(Q(1)) = Q(1).
The realizations are triangulated ⊗-functors and therefore induce cycle maps
(1.2.2) cp,2p−q : H
q
M (X,Q(p)) −→ H
q
H(X,Q(p))
which are compatible with the localization sequence. An explicit construction of a
cycle map by using currents is presented in [KL07]. Composition of cp,2p−q with
the projection from (1.1.1) yields
(1.2.3) c¯p,2p−q : H
q
M (X,Q(p)) −→ HomMHS(Q, H
q(X,Q)(p)).
1.3. Beilinson-Hodge conjecture. Let X be a smooth algebraic variety over C,
and n ≥ 0 an integer.
Conjecture 1.3.1 (Beilinson-Hodge conjecture). BH(X,n): The cycle map c¯n,n
(1.2.3) is surjective.
Remark 1.3.2. If X is smooth then
c1,1 : H
1
M (X,Q(1)) −→ H
1
H(X,Q(1))
is an isomorphism [EV88, Proposition 2.12]. In particular, BH(X,1) holds.
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2. Beilinson-Hodge conjectures for the generic point
2.1. Coniveau spectral sequences. The main technical tool of our paper is the
coniveau spectral sequence for motivic and absolute Hodge cohomology. The exis-
tence and construction of the coniveau spectral is well-known and follows from the
yoga of exact couples as in [BO74]. Because we couldn’t provide a reference for the
case of absolute Hodge cohomology we will explain the construction in this section.
2.1.1. In the following, ? will stand for M or H. For p ≥ 0 we denote by X(p) the
set of codimension p points of X . For a point x ∈ X (not necessarily closed) we
define
Hq? (x,Q(p)) := lim−→
x∈U⊂X
Hq? (U,Q(p)),
where U runs over all open neighborhoods of x. For all n ≥ 0, the coniveau spectral
sequence reads:
(2.1.1) Ep,q1 =
⊕
x∈X(p),p≤n
Hq−p? (x,Q(n− p))⇒ H
p+q
? (X,Q(n)).
The terms Ep,q1 with p > n are zero.
2.1.2. In order to construct the coniveau spectral sequence we use the category of
finite correspondences CorC [MVW06, Lecture 1]. There is an obvious functor
Sm/C −→ CorC, X 7→ [X ].
We denote by Hb(CorC) the homotopy category of bounded complexes [Voe00,
§2.1]. By construction [Voe00, Definition 2.1.1] there is a triangulated functor
(2.1.2) Hb(CorC) −→ DMgm,Q.
Definition 2.1.3. Let X be smooth and Y ⊂ X a closed set. We define cYX to
be the complex
[X\Y ]

−→ [X ]
deg=0
in Hb(CorC). The map  is the open immersion.
Let Y ⊂ X be a closed subset. For an open subset U of X and a closed subset
Y ′ of U such that Y ∩ U ⊂ Y ′ we get a morphism of complexes
(2.1.3) cY ′U −→ cYX.
Lemma 2.1.4. Let X be smooth. Let Y1, Y2 be closed subsets of X with Y2 ⊂ Y1.
(1) The morphisms
cY1\Y2(X\Y2) −→ cY1X −→ cY2X
+1
−−→ cY1\Y2(X\Y2)[1]
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induced by (2.1.3) and
cY2X −→ cY1\Y2(X\Y2)[1]
[X ]
[X\Y2]
OO
−id // [X\Y2]
[X\Y1]
−incl
OO
form a distinguished triangle in Hb(CorC).
(2) If Y ′2 ⊂ Y
′
1 are closed subsets of X such that Yi ⊂ Y
′
i , for i = 1, 2, then the
morphisms from (2.1.3) induce a morphism of distinguished triangles
cY1\Y2(X\Y2) // cY1X // cY2X
+1 //
cY ′1\Y ′2 (X\Y
′
2) //
OO
cY ′1X
//
OO
cY ′2X
+1 //
OO
Proof. For (1). equivalent to 0. There is an obvious isomorphism in Hb(CorC) :
cone(cY1X −→ cY2X)[−1] −→ cY1\Y2(X\Y2),
[X ]
[X ]⊕ [X\Y2]
OO
−pr2 // [X\Y2]
[X\Y1]
(incl,−incl)
OO
= // [X\Y1],
OO
rendering commutative the diagram
cY2X [−1] //

cone(cY1X −→ cY2X)[−1] //

cY1X //

cY2X

cY2X [−1] // cY1\Y2(X\Y2) // cY1X // cY2X.
For (2). Straight-forward. 
Definition 2.1.5. Let X be smooth and Y ⊂ X a closed subset. For all n ≥ 0
and q ∈ Z we define
HqY,M (X,Q(n)) := HomDMgm (cYX,Q(n)[q])
HqY,H(X,Q(n)) := HomDb(MHS)(rH(cYX),Q(n)[q]).
We implicitly used the functor (2.1.2).
From (2.1.3) we obtain a map
H∗Y,?(X,Q(n)) −→ H
∗
Y ′,?(U,Q(n))
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if U is an open subset of X and Y ∩ U ⊂ Y ′.
2.1.6. For p ≥ 0 we denote by Zp = Zp(X) the set closed subsets of X of codi-
mension ≥ p, ordered by inclusion. Let Zp/Zp+1 denote the ordered set of pairs
(Z,Z ′) ∈ Zp × Zp+1 such that Z ⊃ Z ′, with the ordering
(Z,Z ′) ≥ (Z1, Z
′
1) if Z ⊃ Z1 and Z
′ ⊃ Z ′1.
We can form for all n ≥ 0 and p ∈ Z:
H∗Zp,?(X,Q(n)) :=
{
lim
−→Z∈Zp
H∗Z,?(X,Q(n)) if p ≥ 0,
H∗? (X,Q(n)) if p ≤ 0.
H∗Zp/Zp+1,?(X,Q(n)) :=
{
lim
−→(Z,Z′)∈Zp/Zp+1
H∗Z\Z′,?(X\Z
′,Q(n)) if p ≥ 0,
0 if p < 0.
In view of Lemma 2.1.4, we obtain for every (Z,Z ′) ∈ Zp/Zp+1 a long exact
sequence
(2.1.4) H∗Z′,?(X,Q(n)) −→ H
∗
Z,?(X,Q(n)) −→ H
∗
Z\Z′,?(X\Z
′,Q(n))
+1
−−→,
and we can take the limit to get a long exact sequence
(2.1.5) H∗Zp+1,?(X,Q(n)) −→ H
∗
Zp,?(X,Q(n)) −→ H
∗
Zp/Zp+1,?(X,Q(n))
+1
−−→ .
This also holds for p < 0 for trivial reasons. We form an exact couple as follows
D :=
⊕
p∈Z
H∗Zp,?(X,Q(n)),(2.1.6)
E :=
⊕
p≥0
H∗Zp/Zp+1,?(X,Q(n)),
and the exact triangle induced by (2.1.5):
D // D
~~}}
}}
}}
}}
E.
``AAAAAAAA
Setting
Ep,q1 := H
p+q
Zp/Zp+1,?(X,Q(n)),
the exact couple yields a spectral sequence
(2.1.7) Ep,q1 ⇒ H
p+q
? (X,Q(n)),
for all n ≥ 0, such that
Ep,q∞ =
NpHp+q? (X,Q(n))
Np+1Hp+q? (X,Q(n))
,
with
NpHi?(X,Q(n)) = image(H
i
Zp,?(X,Q(n)) −→ H
i
?(X,Q(n))).
Lemma 2.1.7. Let X be smooth and n ≥ 0.
(1) If p ≤ n then
Hq+pZp/Zp+1,?(X,Q(n))
∼=
⊕
x∈X(p)
Hq−p(x,Q(n− p)), for all q ∈ Z.
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(2) If p > n then
HqZp/Zp+1,?(X,Q(n)) = 0, for all q ∈ Z.
Proof. The set
S = {(Z,Z ′) ∈ Zp/Zp+1 | Z\Z ′ is smooth of pure codimension = p}
is a cofinal subset of Zp/Zp+1; thus
Hq+pZp/Zp+1,?(X,Q(n)) = lim−→
(Z,Z′)∈S
H∗Z\Z′,?(X\Z
′,Q(n))
From the Gysin triangle [Voe00, Proposition 3.5.4] we obtain for all (Z,Z ′) ∈ S a
natural isomorphism
cZ\Z′(X\Z
′) ∼=Mgm(Z\Z
′)(p)[2p],
in DMgm.
For (1). By using cancellation we obtain
Hq+pZ\Z′,?(X\Z
′,Q(n)) = Hq−p? (Z\Z
′,Q(n− p))
for all (Z,Z ′) ∈ S, and the restriction maps
Hq−p? (Z\Z
′,Q(n− p)) −→
⊕
x∈X(p)
Hq−p? (x,Q(n− p))
induce the desired isomorphism.
For (2). Suppose p > n. We claim that
(2.1.8) H∗Z,?(X,Q(n)) = 0
for all Z ∈ Zp(X). In view of the long exact sequence (2.1.4) this will prove the
claim.
By definition the vanishing of H∗Z,?(X,Q(n)) follows if the restriction map
H∗? (X,Q(n)) −→ H
∗
? (X\Z,Q(n))
is an isomorphism. Set U := X\Z. For ? = M we can use the comparison iso-
morphism with higher Chow groups. It is sufficient to prove that the restriction
induces an isomorphism of complexes
(2.1.9) Zn(X, •)
∼=
−→ Zn(U, •),
where Zn(?, •) denotes Bloch’s cycle complex. Since X\U has codimension > n,
the map (2.1.9) is injective. For the surjectivity, let A ∈ Zn(U,m) be the class of
an irreducible subvariety of U ×∆m. By definition A has codimension n and meets
all faces U ×∆i properly. Let A¯ be the closure of A in X ×∆m. Since
A¯ ∩ (X ×∆i) ⊂ (A ∩ (U ×∆i)) ∪ ((X\U)×∆i),
and (X\U)×∆i has codimension > n in X ×∆i, we conclude that A¯ ∈ Zn(X,m).
For ? = H. In view of (1.1.1), we need to prove that the restriction induces
isomorphisms
HomMHS(Q(−n), H
q(X,Q))
∼=
−→ HomMHS(Q(−n), H
q(U,Q)),(2.1.10)
Ext1MHS(Q(−n), H
q(X,Q))
∼=
−→ Ext1MHS(Q(−n), H
q(U,Q)),(2.1.11)
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for all q. In order to prove (2.1.10) and (2.1.11) we use the exact sequence
(2.1.12) 0 −→
HqX\U (X,Q)
im(Hq−1(U,Q))
−→ Hq(X,Q) −→ Hq(U,Q) −→
ker
(
Hq+1X\U (X,Q) −→ H
q+1(X,Q)
)
−→ 0.
Note that
Hq
X\U
(X,Q)
im(Hq−1(U,Q)) and ker(H
q+1
X\U (X,Q) −→ H
q+1(X,Q)) are Hodge structures
of weight ≥ 2p. If E is any mixed Hodge structure of weight ≥ 2p then
Hom(Q(−n), E) = 0, Ext1(Q(−n), E) = 0,
because p > n. Therefore (2.1.12) implies the statement. 
Proposition 2.1.8. Let X be smooth and ? = M or ? = H. Let n ≥ 0 be an
integer.
(1) There is a spectral sequence
Ep,q1,? =
⊕
x∈X(p),p≤n
Hq−p? (x,Q(n− p))⇒ H
p+q
? (X,Q(n))
such that
Ep,q∞,? =
NpHp+q? (X,Q(n))
Np+1Hp+q? (X,Q(n))
,
with
NpH∗? (X,Q(n)) =
⋃
U⊂X
cd(X\U)≥p
ker(H∗? (X,Q(n)) −→ H
∗
? (U,Q(n))),
where U runs over all open subsets with codim(X\U) ≥ p.
(2) The cycle map induces a morphism of spectral sequences
[Ep,q1,M ⇒ H
p+q
M (X,Q(n))] −→ [E
p,q
1,H ⇒ H
p+q
H (X,Q(n))].
Proof. For (1). The statement follows from the spectral sequence (2.1.7) and
Lemma 2.1.7.
For (2). The realization rH (1.2.1) induces a morphism of the exact couples
(2.1.6). 
2.2. E1 complexes of the coniveau spectral sequence. Let X be smooth and
connected, we denote by η the generic point of X . The cycle map induces a mor-
phism between the E•,21 complexes of the coniveau spectral sequence (Proposition
2.1.8) for n = 2:
(2.2.1)
E•,21,M : H
2
M (η,Q(2))
//

⊕x∈X(1)H
1
M (x,Q(1))
//

⊕x∈X(2)Q

E•,21,H : H
2
H(η,Q(2))
//

⊕x∈X(1)H
1
H(x,Q(1))
//

⊕x∈X(2)Q

Hom(Q, H2(η,Q)(2)) // ⊕x∈X(1)Hom(Q, H
1(x,Q)(1)) // ⊕x∈X(2)Q
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We call the complex in the first line GM (X, 2), the complex in the second line
GH(X, 2), and finally the complex in the third line is called GHS(X, 2). The com-
plex GHS(X, 2) is induced by GH(X, 2) via (1.1.1).
For GM (X, 2) the group H
2
M (η,Q(2)) is the component in degree = 0, and
the grading is defined similarly for GH(X, 2) and GHS(X, 2). Via Gersten-Quillen
resolution we have
(2.2.2) H1(GM (X, 2)) = H
1(X,K2)⊗Z Q,
where K2 is Quillen’s K-theory Zariski sheaf associated to the presheaf U 7→
K2(OX(U)).
Proposition 2.2.1. Let X be smooth and connected.
(i) There is a natural isomorphism H1(GM (X, 2))
∼=
−→ H3M (X,Q(2)).
(ii) There is a natural injective map H1(GH(X, 2)) −→ H
3
H(X,Q(2)). We call
the image H3H,alg(X,Q(2)).
(iii) There is a natural isomorphism
H1(GHS(X, 2)) −→ H
3
H,alg(X,Q(2))/
(
H1H(C,Q(1)) ·H
2
H(X,Q(1))
)
.
(iv) The above maps form a commutative diagram
H1(GM (X, 2))
∼= //

H3M (X,Q(2))
c2,1

H1(GH(X, 2))
∼= //

H3H,alg(X,Q(2))

H1(GHS(X, 2))
∼= // H3H,alg(X,Q(2))/H
1
H(C,Q(1)) ·H
2
H(X,Q(1)),
and
c2,1 : H
3
M (X,Q(2)) −→ H
3
H,alg(X,Q(2))
is surjective.
Proof. Statement (i) is proved in [MS97].
Proof of (i) and (ii). We use the coniveau spectral sequence (Proposition 2.1.8)
(2.2.3) Ep,q1 =
⊕
x∈X(p)
Hq−p? (x,Q(n− p))⇒ H
p+q
? (X,Q(n)),
where ? is M or H, and 0 ≤ p ≤ n. We have
G?(X, 2) = E
•,2
1
for n = 2. We get E1,22 = E
1,2
∞ and E
2,1
∞ = 0 = E
3,0
∞ for obvious reasons. Therefore
we obtain an exact sequence
(2.2.4) 0 −→ E1,2∞ −→ H
3
? (X,Q(2)) −→ E
0,3
∞ −→ 0,
with
E1,2∞ = ker(H
3
? (X,Q(2)) −→ H
3
? (η,Q(2))).
For ? =M we have H3M (η,Q(2)) = 0; for ? = H we define
H3H,alg(X,Q(2)) := ker(H
3
H(X,Q(2)) −→ H
3
H(η,Q(2))) = N
1H3H(X,Q(2)).
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For (iii). If X is smooth then it is not difficult to see that
Pic(X)⊗Q = H2M (X,Q(1))
∼= H2H(X,Q(1)).
It follows that via the isomorphism H1(GH(X, 2)) ∼= H
3
H,alg(X,Q(2)) the sub-
group H1H(C,Q(1)) ·H
2
H(X,Q(1)) of H
3
H,alg(X,Q(2)) corresponds to the image of
⊕x∈X(1)C
∗ ⊗Z Q in H
1(GH(X, 2)). For every point x ∈ X
(1) we have an exact
sequence
0 −→ C∗ ⊗Z Q −→ H
1
H(x,Q(1)) −→ HomMHS(Q, H
1(x,Q)(1)) −→ 0,
and therefore
ker(H1(GH(X, 2)) −→ H
1(GHS(X, 2))) = im(⊕x∈X(1)C
∗ ⊗Z Q −→ H
1(GH(X, 2))).
This implies the claim.
Statement (iv) is obvious. 
Remark 2.2.2. For a smooth projective variety X we know that
H1(GHS(X, 2))
∼=
−→ H3H,alg(X,Q(2))/
(
H1H(C,Q(1)) ·H
2
H(X,Q(1))
)
is a countable group [MS97]. This is a consequence of the fact that deformations
a′ of a class a ∈ H3M (X,Q(2)) have the same image via c2,1 modulo the group
H1H(C,Q(1)) · H
2
H(X,Q(1)). There exist examples of K3-surfaces X such that
H1(GHS(X, 2)) 6= 0 [MS97].
Definition 2.2.3. Let X be smooth, connected and projective. We denote by
image(H1M (C,Q(1)) ·H
2
M (X,Q(1))) =: H
3
M (X,Q(2))dec ⊂ H
3
M (X,Q(2))
the subgroup of decomposable cycles. In the same way we define H3H(X,Q(2))dec.
Note that
C∗ ⊗Z Q = H
1
M (C,Q(1))
∼= H1H(C,Q(1)),(2.2.5)
Pic(X)⊗Z Q = H
2
M (X,Q(1)))
∼= H2H(X,Q(1))).(2.2.6)
Lemma 2.2.4. If X is smooth, projective, and H1(X) = 0, then the maps
H1M (C,Q(1))⊗Q H
2
M (X,Q(1))) −→ H
3
M (X,Q(2))
H1H(C,Q(1))⊗Q H
2
H(X,Q(1))) −→ H
3
H(X,Q(2))
are injective. In particular,
H3M (X,Q(2))dec −→ H
3
H(X,Q(2))dec
is an isomorphism.
Proof. By using the cycle map it is sufficient to prove the statement for absolute
Hodge cohomology. The assumption H1(X) = 0 implies
H2H(X,Q(1)))
∼= Hom(Q(−1), H2(X,Q)).
The pure Hodge structure H2(X,Q) is polarizable and therefore
Hom(Q(−1), H2(X,Q))⊗Q(−1) ⊂ H2(X,Q)
is a direct summand which we call Hg1,1. We get
(Hg1,1 ⊗Q C)/(2πi)
2 · Hg1,1Q = Ext
1(Q(−2),Hg1,1)
⊂ Ext1(Q(−2), H2(X,Q)) ⊂ H3H(X,Q(2))
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and clearlyH1H(C,Q(1))⊗QH
2
H(X,Q(1))) is mapping isomorphically onto (Hg
1,1⊗Q
C)/(2πi)2 · Hg1,1Q . Because of (2.2.5) and (2.2.6) we conclude that
H3M (X,Q(2))dec −→ H
3
H(X,Q(2))dec
is an isomorphism. 
Proposition 2.2.5. Let X be smooth and connected. Restriction to the generic
point yields the following equalities:
H2M (X,Q(2))
∼=
−→ H0(GM (X, 2))(2.2.7)
H2H(X,Q(2))
∼=
−→ H0(GH(X, 2)).(2.2.8)
Proof. We use the coniveau spectral sequence (Proposition 2.1.8) for n = 2. We
have
E0,22,? = H
0(G?(X, 2))
for ? = M and ? = H. Note that E2,q1,? = 0 for q 6= 2. Thus E
0,2
2,? = E
0,2
∞,? and
E2,0∞,? = 0. Moreover, E
1,1
1,? = 0, because H
0
? (U,Q(1)) = 0 for every U . It follows
that E1,1∞,? = 0 and
H2? (X,Q(2)) = E
0,2
∞,? = E
0,2
2,? .

Lemma 2.2.6. Let X be smooth and connected. We denote by η the generic point
of X. If
H2M (η,Q(2)) −→ H
2
H(η,Q(2))
is surjective then
H2M (X,Q(2)) −→ H
2
H(X,Q(2))
is surjective.
Proof. We use Proposition 2.2.5 and need to prove that
H0(GM (X, 2)) −→ H
0(GH(X, 2))
is surjective. Since H1M (x,Q(1)) = H
1
H(x,Q(1)) for every point x ∈ X of codimen-
sion = 1 this follows immediately from diagram (2.2.1). 
Proposition 2.2.7. If X is smooth, connected and projective then
H0(GHS(X, 2)) = 0.
Proof. Let η ∈ X be the generic point. For
a ∈ H0(GHS(X, 2)) ⊂ Hom(Q(−2), H
2(η,Q))
we can find an effective divisor D such that a is induced by a cohomology class
a′ ∈ Hom(Q(−2), H2(X\D,Q)). Let S be a closed subset of X of codimension
≥ 2, such that D\S is smooth. Denoting X ′ := X\S, we claim that a′ |X′\D maps
to zero in H1(D\S,Q)(−1) via the boundary map of the localization sequence for
singular cohomology. Indeed, the map
Hom(Q(−1), H1(D\S,Q)) −→
⊕
x∈X(1)
Hom(Q(−1), H1(x,Q))
is injective and therefore the claim follows from a ∈ H0(GHS(X, 2)).
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Now a′ |X′\D defines an extension of Hodge structures
0 −→ image(Q(−1)π0(D\S)) −→ E −→ Q(−2) −→ 0,
with E ⊂ H2(X ′,Q). We note that H2(X ′,Q) = H2(X,Q) is a pure Hodge
structure of weight = 2, and therefore the same holds for E. Thus the extension
is trivial and a′ |X′\D lifts to Hom(Q(−2), H
2(X ′,Q)) = 0. This proves that
a′ |X′\D= 0 and implies a = 0. 
2.3. An exact sequence for projective varieties with vanishing H1.
Lemma 2.3.1. Let X be smooth, projective and connected. Suppose that H1(X) =
0. We denote by η the generic point of X. There is an exact sequence
H2M (η,Q(2)) −→ H
2
H(η,Q(2)) −→ H
3
M (X,Q(2)) −→ H
3
H(X,Q(2)).
Proof. Via Proposition 2.2.1 we identify
H3M (X,Q(2))
∼= H1(GM (X, 2)), H
1(GH(X, 2)) ⊂ H
3
H(X,Q(2))
and need to show that there is an exact sequence
H2M (η,Q(2)) −→ H
2
H(η,Q(2)) −→ H
1(GM (X, 2)) −→ H
1(GH(X, 2)).
We work with diagram (2.2.1). The map
H2H(η,Q(2)) −→ H
1(GM (X, 2))
is defined by using E1,21,M = E
1,2
1,H. The assumptions onX imply thatH
2
H(X,Q(2)) =
0 and therefore H0(GH(X, 2)) = 0 by Proposition 2.2.5. The rest of the proof
involves only diagram chasing. 
2.4. Main theorem.
Theorem 2.4.1. Let X be smooth and connected. Let X¯ be a smooth compactifi-
cation of X. We denote by CH0(X¯) ⊗Z Q the Chow group of zero cycles on X¯. If
deg : CH0(X¯)⊗Z Q −→ Q is an isomorphism then BH(X, 2) holds.
Proof. In view of Lemma 2.2.6 it is sufficient to show that c¯2,2 : H
2
M (η,Q(2)) −→
H2H(η,Q(2)) is surjective, where η is the generic point on X .
Now, choose a smooth projective model Y of η. Since X¯ and Y are birational
we conclude that CH0(Y )⊗Z Q ∼= Q. It follows that H
1(Y ) = 0.
We claim that
H3M (Y,Q(2))dec = H
3
M (Y,Q(2)).
This implies the theorem by using Lemma 2.3.1, because
H3M (Y,Q(2))dec ⊂ H
3
H(Y,Q(2))dec
by Lemma 2.2.4.
In view of Proposition 2.2.1 and (2.2.2) it is sufficient to prove that the cokernel
of
C∗ ⊗Z Pic(X) −→ H
1(X,K2)
is torsion. This is proved in [BS83, Theorem 3(i)]. 
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2.5. An exact sequence for projective varieties.
Proposition 2.5.1. Let X be smooth, projective and connected. We denote by η
the generic point of X. There is an exact sequence
H2M (η,Q(2)) −→ Hom(Q(−2), H
2(η,Q)) −→ H3M (X,Q(2))/H
3
M (X,Q(2))dec
−→ H3H(X,Q(2))/H
3
H(X,Q(2))dec.
Proof. Via Proposition 2.2.1 we identify
H1(GM (X, 2)) ∼= H
3
M (X,Q(2)),
H1(GHS(X, 2)) ⊂ H
3
H(X,Q(2))/H
3
H(X,Q(2))dec.
We work with diagram (2.2.1). For the map
Hom(Q(−2), H2(η,Q)) −→ H3M (X,Q(2))/H
3
M (X,Q(2))dec
we observe that
0 −→
⊕
x∈X(1)
C∗ ⊗Q −→
⊕
x∈X(1)
H1M (x,Q(1)) −→
⊕
x∈X(1)
Hom(Q, H1(x,Q)(1)) −→ 0
is exact and
H3M (X,Q(2))dec = im(
⊕
x∈X(1)
C∗ ⊗Q −→ H3M (X,Q(2))).
The assumptions on X imply H0(GHS(X, 2)) = 0 by Proposition 2.2.7. The rest
of the proof involves only diagram chasing. 
Remark 2.5.2. Proposition 2.5.1 has also been proved by de Jeu and Lewis in
[dJL11, Corollary 4.14], and more generally with integral coefficients in [dJL11,
Corollary 6.5].
Proposition 2.5.3. Let X be smooth, projective and connected. Suppose that
H1(X,Q) = 0. The following statements are equivalent.
(1) BH(U, 2) holds for all open subsets U of X.
(2) BH(η, 2) holds for the generic point η of X.
Proof. Only (2)⇒ (1) is interesting. Proposition 2.5.1 implies that
H3M (X,Q(2))/H
3
M (X,Q(2))dec −→ H
3
H(X,Q(2))/H
3
H(X,Q(2))dec
is injective. From Lemma 2.2.4, we see that
H3M (X,Q(2))dec −→ H
3
H(X,Q(2))dec
is an isomorphism. Thus
H3M (X,Q(2)) −→ H
3
H(X,Q(2))
is injective. It follows from Lemma 2.3.1 that
H2M (η,Q(2)) −→ H
2
H(η,Q(2))
is surjective. Lemma 2.2.6 applied to U implies the claim. 
Question 2.5.4. Suppose X is smooth, connected, projective, but H1(X) 6= 0. We
denote by η the generic point of X. What is the relation between BH(U, 2), for all
U open in X, and the surjectivity of
H2M (η,Q(2)) −→ Hom(Q(−2), H
2(η,Q))?
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